Scalar modes, spontaneous scalarization and circular null-geodesics of
  black holes in scalar-Gauss-Bonnet gravity by Macedo, Caio F. B.
March 2, 2020 1:32 WSPC/INSTRUCTION FILE ws-ijmpd
International Journal of Modern Physics D
c© World Scientific Publishing Company
Scalar modes, spontaneous scalarization and circular null-geodesics of
black holes in scalar-Gauss-Bonnet gravity
Caio F. B. Macedo
Faculdade de Física, Universidade Federal do Pará,
68721-000, Salinópolis, Pará, Brazil
caiomacedo@ufpa.br
In general relativity, astrophysical black holes are simple objects, being described by
just their mass and spin. These simple solutions are not exclusive to general relativity,
as they also appear in theories that allow for an extra scalar degree of freedom. Recently,
it was shown that some theories which couple a scalar field with the Gauss-Bonnet
invariant can have the same classic general relativity black hole solutions as well as
hairy black holes. These scalarized solutions can be stable, having an additional “charge”
term that has an impact on the gravitational-wave emission by black hole binaries. In
this paper, we overview black hole solutions in scalar-Gauss-Bonnet gravity, considering
self-interacting terms for the scalar field. We present the mode analysis for the mono
and dipolar perturbations around the Schwarzschild black hole in scalar-Gauss-Bonnet,
showing the transition between stable and unstable solutions. We also present the time-
evolution of scalar Gaussian wave packets, analyzing the impact of the scalar-Gauss-
Bonnet term in their evolution. We then present some scalarized solutions, showing that
nonlinear coupling functions and self-interacting terms can stabilize them. Finally, we
compute the light-ring frequency and the Lyapunov exponent, which possibly estimate
the black hole quasinormal modes in the eikonal limit.
Keywords: Alternative theories of gravity; black holes; spontaneous scalarization.
PACS numbers:
1. Introduction
In the past century, black holes (BHs) became a paradigm in physics. More and more
evidence amount to the fact that these objects harbor the center of all galaxies, can
form binaries with stellar companions, and so on. They became a crucial aspect in
describing the structure of the galaxies and the Universe, spanning over a variety
of mass-ranges. At the same time, their features pose some of the main reasons
why general relativity (GR) should be modified/replaced by an augmented theory
of gravity.
One of the main tools to scrutinize higher-curvature regions around compact
objects is the detection of gravitational waves (GWs), such as the ones detected by
the LIGO-VIRGO collaborations.1,2 By February 2020, we already over 50 possible
candidates for gravitational wave sources, most of them from compact binaries.
These binaries can be used to test infrared modifications of gravity, especially in
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the neutron star (NS) binary cases.3–9 However, ultraviolet (UV) modifications are
more difficult to test. BH-BH binary system seems to be much more common to
be detected and beyond GR effects in these are more difficult to probe due, for
instance, to numerical challenges, no-hair theorems,10–12 among others. However,
more and more data points towards a majority of BH-BH data, which shows the
necessity of exploring theories that present UV modifications of GR.
Among the different candidates that can replace GR, it is crucial to investigate
beyond GR theories that have UV modifications and violate the no-hair theorems.
An important class that was recently discovered is the one that presents the so-called
BH spontaneous scalarization.13–15 Spontaneous scalarization is a phenomenum by
which an initially GR solution spontaneous grows hair through a tachyonic instabil-
ity. The instability is possible because the additional terms modify the scalar field
perturbation inducing an effective negative mass-squared. Spontaneous scalariza-
tion was long known to exist for NSs in scalar-tensor theories, where matter terms
introduce the effective mass.16,17 In the BH case, the effective mass is induced by
purely spacetime quantities coupled to the scalar field.
The main point for scalarization is to introduce modifications in GR that couple
the Gauss-Bonnet term G = R2 − 4RabRab +RabcdRabcd with the scalar field ϕ, in
a specific manner. Here we explore the actiona
S =
1
2
∫
d4x
√−g
[
R− 1
2
∇aϕ∇aϕ− V (ϕ) + f(ϕ)G
]
, (1)
where R is the Ricci scalar, Rab the Ricci tensor, and Rabcd the Riemann tensor. V
is the self-interacting scalar potential, being
V (ϕ) =
1
2
(µ2ϕ2 + λϕ4) , (2)
and f a coupling function, being
f(ϕ) =
1
8
(
ηϕ2 +
1
2
ζϕ4
)
. (3)
We are using units such that 8piG = c = ~ = 1. The coupling function needs to be
at least quadratic in the field to satisfy the condition for the tachyonic instability
to occur, hence allowing for the scalarization of the Schwarzschild BH.13 We shall
explore this in more detail in Sec. 3. The scalar field potential is necessary complete
the UV corrections from the point of view of effective field theory picture. There-
fore, we added terms in the potential that still presereve the Z2 symmetry of the
theory. Note that we only include terms in curvature-scalar coupling that allows for
spontaneous scalarization.18
In this paper, we overview some aspects of sGB gravity that exhibits spontanous
scalarization for BHs, by using the theory described above. We complement some of
aNotice that different authors use different quantities for the same theory. We point the reader to
Ref. [18] for a discussion on this subject.
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the results presented in Refs. [19, 18]. The remainder of this paper is organized as
follows. In Sec. 2 we present the background field equations, the boundary conditions
for BHs and the equations describing radial perturbations. In Sec. 3 we extend
the stability analysis of the Schwarzschild spacetime by computing the modes and
looking into the transition between stable and unstable configurations. We also look
into the interaction of Schwarzschild BHs with scalar Gaussian wave packets. This
enable us to understand how scalarized solutions might form in physical scenarios. In
Sec. 4 we present the scalarized solutions, the light-ring frequency and the respective
Lyapunov exponent. Null-geodesics are important to understand the eikonal limit
of the quasinormal modes (QNMs) of BHs.20 Finally, in Sec. 5 we present our final
remarks.
2. Equations of motions, boundary conditions and radial
perturbations
The modified Einstein equations and the scalar field equation can be obtained by ex-
tremizing the action (1) with respect to the metric and the scalar field, respectively.
We have
Gab = T
ϕ
ab −
1
2
Kab, (4)
ϕ = V,ϕ − f,ϕG, (5)
where Gab is the Einstein tensor, and
Tϕab =
1
2
∂aϕ∂bϕ− 1
2
gab
[
1
2
(∂cϕ)
2 + V (ϕ)
]
, (6)
Kab = 2gc(agb)dedjg∇h
[∗Rchjgf ′∇eϕ] , (7)
with ∗Rabcd = abefRefcd.
We focus on static, spherically symmetric BHs. The line element and the scalar
field read
ds2 = −A(r)dt2 +B(r)−1dr2 + r2dΩ2, (8)
ϕ = ϕ0(r), (9)
where dΩ = dθ2 + sin2 θ dφ2 is the line element on a 2-sphere. The field equations
can be obtained by substituting Eqs. (8) and (9) into Eqs. (4) and (5). The resulting
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equations to be solved numerically are
(t, t) : B
{
(ϕ′′0)
2 [
16(B − 1)f,ϕ0ϕ0 − r2
]
+ 16(B − 1)ϕ′′0f,ϕ0 − 4
}
− 4B′ [2(1− 3B)ϕ′0f,ϕ0 + r]− r2V (ϕ0) + 4 = 0, (10)
(r, r) :
1
4
A
{
B
[
4− r2 (ϕ′′0)2
]
+ r2V (ϕ0)− 4
}
+BA′ [2(1− 3B)ϕ′0f,ϕ0 + r] = 0, (11)
(θ, θ) : − rBA′′ (r − 4Bϕ′0f,ϕ0) + 4rB2A′ϕ′′0f,ϕ0 −
1
2
r2A
[
Bϕ′20 + V (ϕ0)
]
+
1
2A
[
rBA′2 (r − 4Bϕ′0f,ϕ0)
]− rAB′ (12)
+A′
{
rB
[
4Bϕ′20 f,ϕ0ϕ0 − 1
]− 1
2
rB′ (r − 12Bϕ′0f,ϕ0)
}
= 0 , (13)
where a prime indicates derivative with respect to r. The equation for the back-
ground scalar field is
ABϕ′′0 +
1
2
ϕ′0
[
BA′ +A
(
4B
r
+B′
)]
+
4
r2
[(B − 1)BA′′f,ϕ0 ]
− 1
2r2A
{
4A′ [(B − 1)BA′ +A(1− 3B)B′] f,ϕ0 + r2A2V,ϕ0
}
= 0. (14)
The above equations need be supplemented with boundary conditions. Since we
are describing BHs in the standard Schwarzschild coordinates, we have
A(r ≈ rh) ≈ a1(r − rh) +O[(r − rh)2], (15)
B(r ≈ rh) ≈ b1(r − rh) +O[(r − rh)2], (16)
ϕ0(r ≈ rh) ≈ ϕ0h +O[(r − rh)], (17)
with r = rh describing the event horizon position. By plugging these into the dif-
ferential equations (10)–(14), we obtain the following condition for first derivative
of the scalar field at the horizon
dϕ0
dr
∣∣∣∣
r=rh
= a−1
(
b+ c
√
∆
)
, (18)
where a, b, and c are quantities defined in terms of rh, ϕ0h, which can be seen
explicitly in the Appendix of Ref. [18]. We note that for the solutions to be physical,
the discriminant ∆ must be positive, such that the first derivative of the scalar field
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is real. Its explicit form is given by
∆ = 1− 6ϕ0h
r4h
(
η + ζϕ20h
)2{
1−
− 1
2
ϕ20h
(
η + ζϕ20h
) (
µ2 + 2λϕ20h
)
− r
2
h
6
ϕ20h
(
µ2 + λϕ20h
) [
1 +
1
16r2h
(
ηϕ0h + ζϕ
3
0h
)2×
×
(
−24
r2h
+ µ2ϕ20h + λϕ
4
0h
)]}
. (19)
Therefore, ∆ > 0 is a condition for the BH solution to exist.
By expanding the field equations for large r, requiring asymptotic flatness, we
obtain
A(r  rh) ' 1− 2M/r , (20)
B(r  rh) ' 1− 2M/r , (21)
ϕ0(r  rh) ' Qe−µr/r , (22)
where M is the ADM mass, Q is an integration constant (which we shall call scalar
charge), and we have set the cosmological value of the scalar field to zero. In general,
we start by integrating the field equations from the numerical event horizon for a
given ϕ0h, increasing r, matching with the asymptotic conditions given by Eq. (20)–
(22), extracting the BH mass and the scalar charge (M,Q). The asymptotic behavior
defines possible values of the scalar field at the horizon.
The standard Schwarzschild spacetime is a solution of the above equations of
motion. It corresponds to the case where the scalar field vanishes identically. How-
ever, the dynamical response of the Schwarzschild BHs in sGB theories can be very
different from the ones from GR. For instance, new polarizations of modes may ap-
pear, such as breathing and longitudinal modes, giving a possible way to distinguish
the theories.21 Additional modes will be partly explored in Sec. 3.
Radial stability analysis can be performed by considering the following expres-
sions for the scalar field and metric
ϕ = ϕ0(r) + ε
ϕ1(t, r)
r
, (23)
ds2 = [A(r) + εFt(t, r)]dt
2 + [B(r)−1 + εFr(t, r)]dr2 + r2dΩ2, (24)
where ε is a small bookkeeping parameter, and A(r) and B(r) and the background
metric functions. By plugging these into the field equations (4) and (5) and ex-
panding the differential equations up to first order in ε, taking into account the
background field equations, one can show that the system can be reduced to a sin-
gle second order equation describing ϕ1 (see, e.g., Ref. [22] for a detailed description
in a similar setup). This equation can be written as
h(r)
∂2ϕ1
∂t2
− ∂
2ϕ1
∂r2
+ k(r)
∂ϕ1
∂r
+ p(r)ϕ1 = 0, (25)
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where the coefficients (h, k, p) depend only on the background quantities and on
r.18,19,23,24
For Schwarzschild BHs in sGB, due to the form of the equations, it is sufficient
to consider a linear approximation for the scalar field ϕ, keeping the metric func-
tions for the background untouched. Through this procedure, we obtain the same
equation by a simpler procedure. We shall use this to investigate the dominant
(scalar) quasinormal modes as well the linear response to intial data of Gaussian
wave packets. Thus, equation describing scalar perturbations of Schwarzschild BH
in sGB is given by19
∂2ϕ1
∂r2∗
− ∂
2ϕ1
∂t2
− Veff(r)ϕ1 = 0 , (26)
where r∗ = r + 2M ln(r/2M − 1) is the tortoise coordinate in the Schwarzschild
spacetime, and the effective potential for the perturbations is given by
Veff ≡
(
1− 2M
r
)[
`(`+ 1)
r2
+
2M
r3
− 12M
2η
r6
+ µ2
]
. (27)
Note that we kept the angular quantum number `, for generality. We will use equa-
tion (26) to analyze the stability of the Schwarzschild spacetime in sGB.
In what follows, we shall scale our parameters by using the length-scale intro-
duced by η1/2. We denote the scaled quantities by a hat, e.g.,
Mˆ ≡M/η1/2, Qˆ ≡ Q/η1/2, µˆ ≡ µη1/2, (28)
and so on. Note that the GR equations for scalar perturbations in Schwarzschild
BH should be recovered in the limit Mˆ  1 (or equivalently M  η1/2).
3. Stability of Schwarzschild spacetime in scalar-Gauss-Bonnet
gravity
Schwarzschild spacetime is a possible solution of the equations of motion (10)–
(14) describing spherically symmetric solutions. However, because of the new scalar
degree of freedom, the theory now possess new types of modes associated with mono
and dipolar emission. Here we analyze the stability of such BHs against spherically
symmetric perturbations. Here, for simplicity, we shall focus on the case µ = 0, but
we expect that the discussion holds qualitatively for massive scalarb.
3.1. Mode analysis
As noted in Refs. [19, 18, 24], for the case of Schwarzschild BHs in sGB, there
is a critical value for the BH mass Mˆc bellow which the BH becomes unstable.
This unstable mode is purely imaginary, due to the form of the different equations
and the boundary conditions. Here we elucidate the transition between stable and
bNote, however, that quasibound modes will appear in the massive scalar case.
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unstable configurations, computing for the first time the mono and dipolar scalar
QNMs in the region where the Schwarzschild BH are stable.
In order to compute the QNMs, we need to supplement Eq. (26) with boundary
conditions. QNMs corresponds to purely ingoing waves at the BH event horizon and
outgoing waves at infinity. By factorizing the time dependent part as ϕ1(t, r∗) =
e−iωtϕ1(r∗), the boundary conditions corresponds to
ϕ1(r∗) ∼
{
eiωr∗ , r∗ →∞ (r →∞)
e−iωr∗ , r∗ → −∞ (r → 2M). (29)
These boundary conditions generate a boundary value problem whose eigenvalues
are the quasinormal mode frequencies of the BH.
There are many methods to find the QNMs of compact objects.25–29 Here we ex-
plore the direct integration (DI) method30 and the continued fraction (CF) one.31,32
The DI essentially consists in integrating the different equation from the horizon
and from infinity, matching the two solutions at some intermediate point demanding
their Wronskian to vanish. The CF method replaces the differential equation by a
recurrence relation, factorizing the divergence of the the spatial equation. In this
sense, CF method is more efficient, because we just need to solve a system of linear
equations.
As mentioned above, the DI method consist in integrating the differential equa-
tion from both the horizon, obtaining ϕ1,− and infinity, obtaining ϕ1,+, matching
at some intermediate point r∗m. At this point, we require the Wronskian of the two
solution to be zero, i.e.,
W (ϕ1,+, ϕ1,−) =
[
ϕ1,+ϕ
′
1,− − ϕ′1,+ϕ1,−
]
r∗=r∗m
= 0. (30)
Eq. (30) is satisfied if ω is the QNM frequency of the BH.
For the CF method, we use the following expression for the scalar field pertur-
bation
ϕ1(r) =
( r
2M
− 1
)−2iMω ( r
2M
)4iMω
eiωr
∞∑
n=0
an(1− 2M/r)n, (31)
which substituting into the radial part of the scalar field equation [once again,
considering a time-dependence of the form ϕ1(t, r∗) = e−iωtϕ1(r∗)], leads to the
six-term recurrence relation
α0a1 + β0a0 = 0, n = 0
α1a2 + β1a1 + γ1a0 = 0, n = 1
α2a3 + β2a2 + γ2a1 + δ2a0 = 0, n = 2
α3a4 + β3a3 + γ3a2 + δ3a1 + σ3a0 = 0, n = 3
αnan+1 + βnan + γnan−1 + δnan−2 + σnan−3 + θnan−4 = 0, n > 3,
(32)
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where
αn = 4M
2(n+ 1)(−4iMω + n+ 1), (33)
βn = 3η − 4M2
(
`2 + `+ 2n(n+ 1) + 1
)
+ 128M4ω2 + 32iM3(2nω + ω), (34)
γn = −4
(
3η −M2(n− 4iMω)2) , (35)
δn = 18η, σn = −12η, θn = 3η. (36)
The above equation can be reduced to a three-term recurrence relation by multiple
Gaussian elimination steps.28 This then can be solved by the standard methods to
find the QNMs.
The real part of the frequencies dictate the oscillation spectra of the perturba-
tions, while the imaginary tells us about the decaying or growth of the mode. If the
imaginary part of the mode is negative, we have that e−iωt decays in time, while a
positive imaginary part means an exponential growth (unstable mode). By analyz-
ing the boundary conditions (29), we can see that when the mode in unstable, the
radial part of the perturbation identically vanishes at the boundaries. Because the
differential equation is real, this translates into a boundary value problem for real
ω2. If ω2 < 0, we have purely imaginary unstable modes.
The purely imaginary unstable modes in sGB have been investigated at some
extension in recent works.18,19,24 Essentially, they exist in a regime of mass Mˆ <
Mˆc ≈ 0.587. Note, however, that for Mˆ > Mˆc stable QNMs exist. The fundamental
modes for ` = 0 are shown in the left panel of Fig. 1. Note that when Mˆ → Mˆc from
the right, both the imaginary and real part goes to zero, which is expected since the
purely imaginary mode arise for Mˆ < Mˆc, and a nonoscilatory scalar field profile
exists at Mˆ = Mˆc.33 This characteristic tell us that in physical process of BHs near
that mass, long-living modes should not be expected because the real part of the
frequency goes to zero much faster than the imaginary one. This was also observed
in Einstein-dilaton-Gauss-Bonnet gravity,34 and we shall investigate this for sGB
in the next subsection, where we consider time-evolution of signals. Therefore, any
oscillations near the critical mass should be due to the overtones.
In the right-panel of Fig. 1 we show the fundamental mode for dipolar scalar
perturbations (` = 1). Just as in the monopolar case, the dipolar also has a critical
mass (represented by the vertical dotted line) below which unstable modes appear.
The critical mass for the ` = 1 is well below the one for ` = 0, so that the BH
is already quite unstable in that region. Note that, differently from the monopolar
case, the dipolar fundamental mode does not become unstable in the transition.
We note that both the methods used here to compute the modes agree in the
qualitative behavior. The CF method is more accurate to describe modes with
higher-imaginary part when compared to the DI one. However, it gets increasingly
difficult to compute the modes near the critical mass, as the real part of the modes
is very small. This means that the numerical infinity for the DI should be relatively
large to capture the wave behavior of the solutions. For the CF method, we have
to consider terms up to N ∼ 2000 to obtain stable numerical results. Nonetheless,
March 2, 2020 1:32 WSPC/INSTRUCTION FILE ws-ijmpd
Scalar modes, spontaneous scalarization and circular null-geodesics of BHs in sGB gravity 9
both methods agree with the critical point in a very precise way and they also have
excellent agreement to compute the unstable purely imaginary modes.
0.5 1.0 1.5 2.0 2.5 3.0
-0.5
0.0
0.5
1.0
0.5 1.0 1.5 2.0 2.5 3.0
0.7
0.8
0.9
1.0
1.1
1.2
1.3
Fig. 1. Real and imaginary part of the fundamental mode, normalized by the GR quantities.
Note that for Mˆ  1 (Schwarzschild limit), the curves goes to 1, as they should. Left panel. For
the ` = 0 case we see that the fundamental mode becomes unstable below a certain critical mass,
given by Mˆc ≈ 0.587. Right panel: The ` = 1, although a critical mass for the dipolar mode also
exists (represented by a vertical dotted line), the fundamental mode seems to be stable for smaller
masses.
In the next section we further investigate implications of the instability in
dynamical processes, by looking into the scattering of wave packets by the
Schwarzschild spacetime in sGB gravity.
3.2. Dynamical response to scalar pulses
To illustrate the instability of the Schwarzschild spacetime, here we investigate the
outcome of the interaction between the BH and a Gaussian packet. We use the
procedure presented by Ref. [35].
In order to perform the integrations, we transform Eq. (26) by considering the
null coordinates (u, v) = (t− r∗, t+ r∗). The equation takes the simple form(
∂2
∂u∂v
+
1
4
Veff
)
ϕ1(u, v) = 0. (37)
We solve the above equation subjected to the following initial condition
ϕ1(0, v) = A exp
(
− (v − vc)
2
2σ
)
, ϕ1(u, 0) = 0. (38)
For this work, we consider A = 1, vc = 20, and σ = 1. It has been noted by many
works that the generic response to an initial perturbation can be divided in three
different stages.36 First, there is a prompt initial signal, which is generically data-
dependent. Second, a ringdown stage at intermediate times, which depends on the
interaction between the BH and the wave, oscillating and decaying according to the
characteristic QNMs of the BH. Finally, the late-time behavior of the perturbations.
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If the field is massless, the late-time behavior depends essentially on the multipolar
perturbation, being a power-law decay.35 Besides changing the power-law behavior
of late-time signals, massive fields induce some oscillations on this stages, related
to the quasi-bound modes of the field.37–39 The late-time behavior of massive fields
is also present when there are couplings between massive and massless fields.40
50 100 150 200 250 300
1.×10-4
5.×10-40.001
0.005
0.010
0.050
0.100
100 200 300 400 500
10-7
10-6
10-5
10-4
0.001
0.010
0.100
Fig. 2. Time-evolution for scalar waves, ` = 0, with initial condition given by Eqs. (38). Left panel.
We see that for Mˆ < Mˆc ≈ 0.587 the perturbation grows exponentially at late-times, representing
the instability of the Schwarzschild BH. Right panel. The signal initially oscillates, with frequency
that depends on the value of Mˆ , decaying and at late-times the behavior is universal (power-law).
Note that the case Mˆ = 1 is already quite similar to the one of scalar fields in GR.
100 200 300 400 500
10-7
10-5
0.001
0.100
50 100 150 200 250
10-7
10-5
0.001
0.100
Fig. 3. Same as Fig. 2, but considering ` = 1 and different intervals for Mˆ . Note that the onset
of the instability for the ` = 1 is different from the ` = 0, being smaller.
As mentioned above, in the ringdown stage the signal oscillates and decays
according to the QNMs of the BH. By analyzing this stage we can, therefore, obtain
these frequencies. This can be done by extracting the wave-function at a fixed point
far from the BH—here we consider r∗,ext = 50—fitting the signal to a superposition
of waves in the form
ϕ1(t, r∗,ext) ∼
∑
i
Aie
−iωit, (39)
March 2, 2020 1:32 WSPC/INSTRUCTION FILE ws-ijmpd
Scalar modes, spontaneous scalarization and circular null-geodesics of BHs in sGB gravity 11
where Ai and ωi are the obtained by fitting the above expression with the numerical
evolution using, for instance, the Prony method (see, e.g., Ref. [26]). We present
our numerical results below.
As mentioned before, the Schwarzschild BH is unstable in the regime M < Mc.
In the time-evolution of the signal, this translates into a exponential growth of
the perturbations at late-times. In Fig. 2 we show the time-evolution of an initial
Gaussian [cf. (38)], for different values of the mass Mˆ . In the left panel of Fig. 2 we
focus on the regime in which the instability occurs. At the onset, the scalar field
goes to a constant value at late-times, meaning that the BH is developing a hairy
configuration.34 Note that to fully explore the hairy solution one needs to go beyond
the linearized equations.
In the right-panel of Fig. 2 we focus on a different regime, in which the
Schwarzschild BH is always stable. We can see that the frequency (as measured
by tˆ) seems to decrease as we decrease the mass of the BH. This is consistent with
the mode analysis presented previously. In the plot we can also see that the universal
power-law late-time behavior is still the same, as it should.
Going further into higher-multipoles, we can see that the onset of the instability
changes to smaller values of Mˆ , as mentioned previously. In Fig. 3 we plot the
result of the time-evolution for the dipolar (` = 1) mode. In the left-panel, once
again, we focus on the regime in which the field starts to grow exponentially. Since
the threshold in smaller than the one for ` = 0, the black hole is already (very)
unstable in that regime, so we have an additional unstable mode. Note, however,
that differently from the ` = 0 case, the frequency of the oscillation in the stable
regime increases as Mˆ decreases (as measured by tˆ). Note that, differently from the
` = 0 case, the fundamental mode is always stable in the ` = 1 in the regime studied
here, so that the instability does not comes from the fundamental mode.
3.3. Critical BH mass and self-interactions
The instability suffered by the scalar field has a tachyonic nature: The beyond-GR
terms behave as an effective negative mass-squared.13 Up to now, we considered
that the scalar mass is zero, for simplicity. Our model, however, do consider a scalar
field mass µ, which we wish to understand the influence for the BHc. Since µ2 > 0
in general, the scalar field mass combined with the effective one changes the value
threshold mass Mˆc, increasing the mass-range for stable Schwarzschild BHs.
In Fig. 4 we plot the value of the critical mass Mˆc as function of the scalar
field mass. As predicted, the scalar field mass increase the range of stability for
Schwarzschild BH, competing with the η term in the effective potential (27). A
similar result holds for higher overtones,18 with the critical mass (line) being smaller.
cWe recall that we consider linear perturbations with no background field. In this way, the quartic
term does not enter in the equations;.
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0.0 0.2 0.4 0.6 0.8
0.45
0.50
0.55
0.60
Schwarzschild BH is stable
Fig. 4. Critical mass Mˆc as function of the scalar field mass µ. We see that Mˆc monotonically
decreases with µ, decreasing the range of unstable Schwarzschild BHs.
4. Nonlinear solutions and black hole scalarization
As mentioned before, the linear analysis tell us about the stability of the
Schwarzschild BH, but does not show the outcome of the instability. As the scalar
field grows, it is natural to ask ourselves whether it can balance itself against gravity
to provide hair to the BH. In the next sections, we explore numerical solutions of the
sGB gravity with non-trivial scalar fields and investigate their stability properties.
4.1. Scalarized solutions and their stability
We can integrate the equations of motion (10)–(14), subject to the boundary con-
ditions (15)–(18) and (20)–(22), searching for solutions with nontrivial scalar fields.
Here we show a selection of the results, illustrating how the self-interactions and
the coupling function changes stability properties of scalarized BHs. More details
can be seem in Refs. [19, 18].
Let us first focus on the effects on self-interactions, setting ζ = 0 in the coupling
function. In the effective-field theory picture, self-interactions are more important
than higher-order couplings. In top panels of Fig. 5 we show charge-mass diagrams of
the background solutions, considering different values for the self-interacting terms.
Note the vertical dotted line—denoting the threshold for the instability—moves to
the left when the mass µˆ increases, in accordance with Fig. 4 (compare the left and
right panels). Moving to the quartic term in the self-interaction, regulated by λˆ, we
see that increasing it makes the curves bend more to the left part of the diagrams,
where the Schwarzschild solution is unstable.
Since the Schwarzschild spacetime is unstable in that region, it is natural to
ask ourselves whether the scalarized solution can be stable. In this sense, we have
that the Schwarzchild BH would spontaneouly grow hair, moving to a solution with
non-trivial scalar fields. We perform the radial stability analysis by integrating the
differential equation (25) for scalarized solutions, requiring the field to vanish at
the boundaries (condition for instability22,41). The result can be seen in the bottom
panels of Fig. 5, where we see indeed that there are stable scalarized solution in the
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Fig. 5. Upper panels. Charge-mass diagram for the background scalarized solutions. The dashed
red lines correspond to unstable configurations. The vertical dotted line marks the critical value
of the mass Mˆc. Note that the critical mass is different for each mass (compare left and right
panels). As the quartic term in the self-interaction increases, the solution migrates to the stable
side. Bottom panels. The purely imaginary unstable modes for the scalarized solution (dashed
curves) and the ones for Schwarzschild (gray solid line). Note that depending on (µ, λ), we can
have two scalarized solution for the same mass Mˆ , with one being unstable.
region where the Schwarzschild one is unstable. The solutions represented dashed
lines are radially unstable, while the ones represented by the solid line are stable.
The instability also depends on the value of λ: Bigger the fourth-order potential,
wider the range of masses Mˆ in which the scalarized solutions are stable.
Note also from Fig. 5 that not all solutions in the left part of the diagram are
stable. There exist values of masses Mˆ in which two scalarized solution exist, in
addition to the Schwarzschild spacetimed. The radial stability analysis reveals that,
in these cases, solutions with higher charges are actually unstable. It would be
interesting to explore such scenarios—with three solutions with the same mass—in
dynamical processes. We that all solutions are nodeless, so the higher Q unstable
solutions are still in the bound state configuration for the scalar field.
dNote that there are actually five solutions, considering the shift symmetry in the scalar field.
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Fig. 6. Diagram depicting possible outcomes in the gravitational collapse, depending on the self-
interacting terms, considering ζ = 0. Above the line, depending on the mass of the progenitor, we
conjecture that it is possible to form scalarized hairy BHs. Bellow the line, only the Schwarzschild
spacetime is possible as a BH solution.
We conclude that self-interactions alone are enough to stabilize scalarized BHs.
There is a critical value of the pair (µˆ, λˆ) that this occurs. For instance, fixing
µˆ = 0.01, Fig. 5 shows that the critical λˆ to stabilize solutions is λˆ & 0.2. The
analysis of the critical parameters allows us to draw a stability diagram considering
self-interactions. In Fig. 6 we show the stability diagram. For values of (µˆ, λˆ) above
the critical line, stable scalarized solution exist and can be, depending on the pro-
genitor mass, possible endstate for the gravitational collapse. Bellow the diagram,
all scalarized solutions are unstable and, therefore, would never form dynamically.
Schwarzschild spacetime is the only possible endstate if a BH is to be form.
To complete the picture, it is also instructive to analyze the combined effects of
self-interactions and nonlinear coupling functions. It was recently pointed out in a
couple of works that nonlinearities can quench the instability of scalarized BHs.19,42
The quenching of the instability also explains why the exponential model adopted
by Ref. [14] is stable, while the quadratic adopted in Ref. [13] is not.24 In Fig. 7
we show the influence of ζˆ in the charge-mass diagram of scalarized solutions, for
fixed values of (µˆ, λˆ). Decreasing ζˆ stabilizes the scalarized solutions. We note that,
by comparing with the results of Ref. [19], the existence of two scalarized solutions
with the same mass (one stable and the other unstable) is a characteristic of the
models with self-interactions.
4.2. Null geodesic frequency and Lyapunov exponents
It is instructive to consider the null-geodesic quantities in the scalarized BHs and
quantify how different they are from the GR case. The null-geodesics have an impact
in the shadow of the BH, a quantity that can be measured by the Event Horizon
Telescope.43 Moreover, there is a close relation of null-geodesic quantities and the
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Fig. 7. Charge-mass diagrams for scalarized solutions, considering the combined effects of the
quartic coupling and the self-interacting terms.
higher ` QNMs of BHs20 e.
By computing null-geodesics quantities, one can show that the equations can
be reduced to an effective balance energy equation. The procedure can be seen in
Ref. [20]. The frequency of the circular null unstable geodesic (light-ring) is given
by
Ωl =
A(rl)
1/2
rl
, (40)
where rl is the radius of the orbit, which satisfies
2A(rl)− rlA′(rl) = 0. (41)
When the QNM geodesic correspondence is valid, the light-ring frequency is closely
related to the real part of the modes. We also note that the light-ring frequency
is related to the critical impact parameter through bc = Ω−1l , a quantity that is
relevant in computing the shadow of the BH.
The instability timescale of the circular null-geodesic is related to the Lyapunov
exponent, given by
Λ =
√
−r2
2A(r)
(
d2
dr2∗
A(r)
r2
)∣∣∣∣∣
r=rl
. (42)
In the QNM geodesic correspondence, the Lyapunov exponent is related to the
imaginary part of the modes.
In Fig. 8 we show the light-ring frequency and the Lyapunov exponent of scalar-
ized BHs for some values of (µˆ, λˆ), normalized by the GR value. For the plots we
eNote that, in general, the null-geodesic quantities of the metric are not always appropriate to
describe the modes. See Refs. [44, 45] for details.
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consider only the quadratic coupling function. As we move to higher-charge con-
figurations, we can see that the light-ring frequency increases, while the Lyapunov
exponent decreases. Note, however, that the changes are very small, being smaller
than 1% for the frequency and smaller than 2% for the Lyapunov exponent. This is
natural to expect, as changes in the geometry of the BH at the light-ring, roughly
3M , are already quite small: The GB term for Schwarzschild at this location is
GM4 ≈ 0.066. The deviations indicate that the QNM of scalarized BHs can be very
similar to the GR ones.f
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Fig. 8. Light-ring frequency and Lyapunov exponent, normalized by the GR quantities.
5. Final remarks
Theories that present spontaneous scalarized BHs are interesting strawman to con-
sider deviations of GR. Since they possess the same GR solutions, they are basically
identical to GR in the kinematic scenario, such as the ones considered by electro-
magnetic computations. In this work, we shown some features of Schwarzschild BHs
in sGB, highlighting the differences from the GR case. We also overview scalarized
solutions and compute the null-geodesic quantities for hairy BHs.
There are many possible venues to extend the work presented here. The mass-
range stability should be further scrutinized, to understand how formation of BHs
evolve in those regimes. For instance, the analysis presented here predicts that no
bald BH should form in the regime Mˆ < Mˆc. To access that, collapse models in
extension of GR are necessary, which is an area still in development. Another point
is that our stability analysis are mostly valid for radially symmetric perturbations.
Nonradial perturbations is an important extension that will be tackle by future
works. Finally, it would be interesting to consider radiation emission processes in
these theories, to see whether the additional polarization modes appear in the GW
signals.41
fNote, however, that when one considers nonlinear couplings together with rotation the result can
change considerably. See Ref. [46].
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